Abstract. We propose to use null vectors in conformal field theories to derive model Hamiltonians of quantum spin chains and corresponding ground state wave function(s). The approach is quite general, and we illustrate it by constructing a family of Hamiltonians whose ground states are the chiral correlators of the SU (2) k WZW model for integer values of the level k. The simplest example corresponds to k = 1 and is essentially a nonuniform generalization of the Haldane-Shastry model with long-range exchange couplings. At level k = 2, we analyze the model for N spin 1 fields. We find that the Renyi entropy and the two-point spin correlator show, respectively, logarithmic growth and algebraic decay. Furthermore, we use the null vectors to derive a set of algebraic, linear equations relating spin correlators within each model. At level k = 1, these equations allow us to compute the two-point spin correlators analytically for the finite chain uniform Haldane-Shastry model and to obtain numerical results for the nonuniform case and for higher-point spin correlators in a very simple way and without resorting to Monte Carlo techniques.
Introduction
Chains of interacting spins are important models for investigating properties of quantum many-body systems. The fact that the dimension of the Hilbert space grows exponentially with the length of the chains does, however, limit the applicability of brute force numerical computations. This makes analytical insights particularly valuable, both as a direct source of information and as a starting point for constructing and testing approximate numerical methods. Important analytical techniques include the Bethe ansatz [1] and the construction lying behind the AKLT model [2] . The former was introduced by Bethe in 1931 to solve the antiferromagnetic Heisenberg model with nearest-neighbour interactions and has turned out to be a more generally applicable tool to solve particular spin models, and the latter has led to a number of models for which both the Hamiltonian and the corresponding ground state(s) are known. Solvable models with long-range interactions are more rare, but the Haldane-Shastry (HS) model [3, 4] is an example. In this model, N spin 1/2 particles are positioned uniformly on a circle, and each spin interacts with all other spins through a two-body exchange interaction whose strength is inversely proportional to the square of the distance between the spins measured along the chord.
In the present paper, we propose a new method to find matching Hamiltonians and ground state wave functions, which naturally leads to models with long-range interactions. The approach, which is presented in detail in section 2, relies on the existence of null vectors in conformal field theories (CFT), and we shall specifically consider the SU(2) k WZW models, where k is a positive integer known as the level of the algebra. The vacuum expectation value of a product of primary chiral conformal fields is zero if one of the fields is a null vector, and we use this fact and the Ward identity to derive equations of the form Hψ = 0, where H is a Hermitian and positive semidefinite operator and ψ is a chiral correlator (i.e., the vacuum expectation value of a product of primary chiral fields). Explicit analytical expressions for several of the relevant chiral correlators have been found recently in [5] .
In addition to deriving new spin models, the null vectors enable us to derive a set of simple algebraic linear equations, which relate different n-point spin correlators within each model (i.e., expectation values of the form ψ|t component of the spin operator acting on spin number i j ). The approach turns out to be particularly valuable for k = 1, where it leads to a closed set of equations for the twopoint spin correlators, a closed set of equations for the two-point and the four-point spin correlators and so on. As detailed below, this allows us to obtain a number of results for spin correlators either analytically or through a very simple numerical computation.
After explaining the general approach, which is valid for all k, we turn to a more detailed investigation of models obtained at levels k = 1 and k = 2 in sections 3 and 4, respectively. In the SU(2) 1 WZW model, there are only spin 0 and spin 1/2 chiral conformal fields, and since the fusion properties of the spin 0 field are trivial, we find the explicit expression for a Hamiltonian which has the chiral correlator of N spin 1/2 fields as its ground state in section 3.1. The Hamiltonian involves only two-body interactions, and in section 3.2, we show that it is essentially a nonuniform generalization of the HS model with long-range exchange interactions. We also compute the spectrum for a number of choices of distributions for N = 6 and discuss symmetries and the origin of degeneracies. The Hamiltonian of the nonuniform HS model was put forward recently in [6] , where it was shown analytically that the chiral correlator of N spin 1/2 fields is an eigenstate of it. This was done by using the Knizhnik-Zamolodchikov (KZ) equation [7] , and we provide the details of that derivation in Appendix A. In contrast to the present work, however, this approach cannot be straightforwardly generalized to higher values of k, and it does not automatically guarantee that the chiral correlator is, indeed, the ground state.
The nonuniform HS model was compared to other spin models through exact numerical computations for small N in [6] , and the finite chain Renyi entropy and the two-point spin correlation function was studied numerically through Monte Carlo simulations. In the present paper, we instead concentrate on the analytical and semianalytical expressions for the spin correlators that follow from the properties of the null vectors through the aforementioned linear equations. We rederive the expression for the two-point spin correlator of the uniform HS model in the thermodynamic limit and furthermore demonstrate that the two-point spin correlator can also be computed analytically for the finite chain uniform HS model. These results are presented in section 3.3, where we also provide further numerical results for two-point and four-point spin correlators.
Section 4 is devoted to an investigation of the case k = 2. In this model, there are spin 0, spin 1/2 and spin 1 chiral conformal fields, and we shall, in particular, analyze the spin chain model in which the wave function is the chiral correlator of a product of N spin 1 fields. In section 4.1, we derive the Hamiltonian and discuss the spectrum. In section 4.2, we find that the wave function has an overlap with the ground state of the bilinear-biquadratic spin 1 chain close to unity in a region within the Haldane phase for N = 6. In section 4.3, we compute the Renyi entropy and the two-point spin correlation function by Monte Carlo simulations. We find that the Renyi entropy grows logarithmically with the length of the considered subchain, while the two-point spin correlation function decays algebraically with the separation between the spins. The Hamiltonian for the chiral correlator of a product of N spin 1/2 fields is given in Appendix B together with a discussion of the spectrum. Finally, concluding remarks are given in section 5.
Hamiltonians for the SU(2) k WZW model
The WZW models, together with the minimal models of Belavin, Polyakov and Zamolodchikov, are the best known examples of rational conformal field theories (RCFT). In a RCFT the number of primary fields is finite, and they form a closed operator algebra characterized by the fusion rules. In this paper, we shall restrict ourselves to the WZW model based on the Kac-Moody (KM) algebra SU(2) k . There are k + 1 primary fields in this RCFT, which are denoted by φ j , where j = 0, 1 2 , . . . , k 2 labels the total spin. Each field consists of 2j +1 components corresponding to the 2j +1 possible values of the projection of the spin on the quantization axis. To refer explicitly to one of these components, we use the notation φ jm , where m = −j, −j + 1, . . . , j. The Virasoro central charge c, conformal weights h j and fusion rules are given by
The simplest nontrivial WZW model corresponds to k = 1 and has c = 1 and two primary fields φ 0 and φ 1/2 with h 0 = 0 and h 1/2 = 1/4. This model can be easily constructed using a free massless boson whose central charge is c = 1. The next model in this series corresponds to k = 2 and has c = 3/2 and three primary fields φ 0 , φ 1/2 and φ 1 with h 0 = 0, h 1/2 = 3/16 and h 1 = 1/2. This model can be constructed by combining three Ising models (c = 3 × 1 2
), or alternatively it can be built using a free boson and an Ising model (c = 1 +
2
). In this paper, we shall focus on the k = 1 and 2 models, but the general formalism will be valid for any integer level k ≥ 1.
Null vectors
The rationality of the WZW models lies in the existence of null vectors in the representation spaces of KM algebras. The decoupling of these vectors provides the basic equations that allow for a complete solution of these models. Null vectors will be the key for the construction of Hamiltonians associated to WZW models, and for that reason we shall describe them in detail below.
The SU(2) k WZW model is characterized by the chiral currents J a (z) (a = 1, 2, 3), whose Laurent expansion J a (z) = ∞ n=−∞ J a n z −n−1 contains the modes J a n that satisfy the KM algebra
where ε abc is the Levi-Civita symbol. Notice that the zero modes J a 0 form a closed SU(2) algebra. In the standard spin basis the algebra becomes
where
To construct the representation theory of this KM algebra, we first note that the primary fields introduced above effectively factorize into a product of a chiral field and an anti-chiral field. We shall only consider the former, which we denote by φ j (z), where z is a complex parameter. In the context of conformal field theory, z represents a point in two-dimensional space-time, but later on, these coordinates will turn into free parameters in the Hamiltonians we construct. To each chiral primary field φ j (z), one associates a primary state |φ j satisfying the following conditions
where |0 is the vacuum of the theory (i.e., J a n≥0 |0 = 0) and t a are the 2j + 1 dimensional matrices of the spin j representation of SU(2) (the mth component of t a |φ j is m ′ t a mm ′ |φ jm ′ ). The representation spaces of the KM algebra are modules H j obtained by acting on the primary states with products of the negative mode operators, i.e.
. These states are called descendants and can be organized in towers having a common value of the sum n = n 1 + . . . + n M that is called the Virasoro level, not to be confused with the level k of the KM algebra.
A null vector |χ is a descendant state which is also primary, i.e., satisfies the condition (recall (4)) J a n |χ = 0, n > 0.
Each module H j contains infinitely many null vectors. Here, we shall consider the null vector [8] |χ j * j * = J
which is the null vector occurring at the lowest Virasoro level. It is illustrative to verify (5) for the case J a
that follows from (3) by induction, one obtains,
where we have used that |φ jj is a primary state, J − 1 |φ jj = 0, and that its spin projection is j, J 0 0 |φ jj = j|φ jj . One can easily prove that
so that |χ j * j * is the highest weight vector of a representation with spin j * . In summary, the module H j contains at level n * a multiplet of 2j * + 1 null vectors with spin j * . Since a null vector is also a primary field, a null vector and its descendants comprise a module on their own, and this module can be shown to decouple from H j [9] . The number of states d j,k (n) appearing at Virasoro level n after removing all the decoupled modules can be determined by considering the character
This character is given by [9] 
where η(q) is the Dedekin eta function
We collect the values of d j,k (n) for the lowest spin modules H j and various values of n and k in table 1. An inspection of the rows of this table shows that, for given n, the number of states remains constant beyond a certain value of k. This can be understood from the fact that states are removed whenever there is a null vector. For k ≤ n * −1+2j (recall (6)), one or more null vectors are present for n ≤ n * , whereas no null vectors are present for n ≤ n * if k > n * − 1 + 2j. The number of states removed at k = n * − 1 + 2j and n = n * is the number of null vectors in the multiplet |χ j * m * , i.e. 2j * + 1. This is expressed in the relation
In the module H 0 , for example, there are 4 states at n = 2 and k = 1, which turn into 9 states for all k > 1. The difference 9 − 4 = 5 is the number of null vectors that form the j * = 2 spin multiplet at level n * = 2 and k = 1.
Clebsch-Gordan coefficients and projectors
Equation (6) corresponds to the Clebsch-Gordan (CG) decomposition
is the vector space for the spin J irreducible representation (irrep). This decomposition consists in the symmetrized product of n * copies of the spin 1 irrep tensored with the spin j irrep to yield the highest possible spin j * = n * + j. A basis of V j * is given by (m * = −j * , −j * + 1, . . . , j * )
The constants C j * m * a 1 ,...,an * ,jm can be constructed from the product of n * CG coefficients and satisfy the condition
which ensures the orthonormality of the vectors |χ j * m * . We adopt the Condon-Shortley convention that all CG coefficients are real. We note that (15) could equally well be written in terms of the fields χ j * m * (z) and φ jm (z), and we use this notation in the following. Let us next define the linear map
which allows us to write (16) as
where I 2j * +1 is the identity matrix in V j * . Multiplying C j * n * ,j and (C j * n * ,j ) † in reverse order
yields the map
that, using (18) and (19) , satisfies
so that K n * ,j is a projector with components
Using this equation, one can parameterize the null vectors (15) with indices of the vector space V ⊗n * 1 ⊗ V j as follows
Since, by use of (16),
we see that χ a 1 ,...,an * ,jm (z) fulfil the eigenvalue equation
As a result of the above construction, K n * ,j must fulfil the following symmetry constraints
and, indeed, (26) (27) (28) together with (21) are sufficient to uniquely determine K n * ,j . The null vectors at levels k = 1 and 2 are collected in table 2, and one can check that the following K-tensors fulfil the conditions, 
where σ a (a = 1, 2, 3) are the Pauli matrices. To simplify the notation, we shall drop the m and m ′ indices in the following, considering that K is a matrix, and we shall let the summation over repeated spin component indices (e.g., b 1 , . . . , b n * ) be implicit.
Decoupling equations
A chiral correlator is the vacuum expectation value of the product of a set of primary chiral fields:
In our construction, ψ(z 1 , . . . , z N ) is the wave function. Written more explicitly, the state of the spin chain is
where the coefficients are given by
We note that a chiral correlator is not necessarily one unique function. If the fusion rules (1) allow more than one possibility for how two fields can fuse (i.e., if there is more than one field on the right hand side of (1)), there will be more different fusion channels, and each fusion channel corresponds to one wave function. All of these wave functions are ground states of the Hamiltonian that we shall construct.
There are more approaches available to find explicit expressions for the chiral correlators (34) . In some simple cases it is possible to solve the KZ equations [7] , which are a system of partial differential equations in the coordinates z i fulfilled by the chiral correlators. The KZ equations can be derived from the null vector
is one of the Virasoro generators. Another possibility is to use the Feigin-Fucks or Coulomb gas representation of the WZW model [9] . The aim of this section is to derive a set of algebraic equations satisfied by the chiral correlators that follow from the decoupling of null vectors in the modules H j . These equations are algebraic, and not differential, as in the KZ case, and this fact will allow us to construct quantum spin Hamiltonians whose ground states are the chiral correlators of the WZW model.
Before presenting this construction, let us notice that (34) is invariant under global SU(2) rotations generated by the total spin operator T a [8]
where t a i denotes the spin matrix acting at the site i, in the representation j i corresponding to the field φ j i (z i ). We shall suppose for simplicity that j i = j, ∀i, but the results can be easily generalized when the primary fields have different spins.
Let us start by replacing the primary field φ j (z i ) in the correlator (34) by the null field (23) in the module H j . One can show from the definition of a null field that a chiral correlator is zero if it contains a null field [9] . This is referred to as the decoupling of the null field. Therefore,
i.e.,
for all z 1 , . . . , z N , where the superindex i in K (i) n * ,j implies that this matrix acts on the spin degrees of the operator φ j representing the ith spin in the chain. The modes J b −1 act on the field located at the point z i , but their action can be transferred to the primary fields located at the other positions by means of the Ward identity [8] 
Here, and in all that follows, we use the convention that the sum over
. . , i n+m ) means that the indices outside (inside) the brackets should (should not) be summed over, and only terms for which all n + m indices are different contribute to the sum. Similarly, we write i 1 = i 2 = . . . = i n when all n indices are required to be different. Applying (40) n * times to (39) yields
. . .
which can be written in the compact form
and z ik ≡ z i − z k . These are the algebraic equations mentioned at the beginning of this subsection. Finally, we shall transform (42) into the following equation
and
To show this relation, let us apply the identity 2z
where we have used (28) in the final step. Next, we want to move the T b matrices to the right in this expression. This produces extra terms coming from the commutator
but the antisymmetry in the b indices causes these terms to cancel out when multiplied by the tensor K whose indices are totally symmetric. Once the T b k matrices are brought to the right, they annihilate the correlator ψ, which proves that
and thus (44) is equivalent to (42).
Spin chain Hamiltonians
We can use the operators in (45) to define the matrices
which are Hermitian, positive semidefinite and rotationally invariant
They annihilate the correlator ψ,
and their sum can be taken as the Hamiltonian of a spin chain with spin j at each site, i.e.,
It follows immediately that ψ is the ground state of this Hamiltonian. If the fusion rules give rise to several chiral correlators, then H n * ,j will have several ground states in one-toone correspondence with the chiral correlators. Finally, we note that Hamiltonians that are translationally invariant by one site can be achieved by choosing the coordinates z k to be equally spaced on the unit circle, i.e.,
We shall refer to this choice as the uniform case.
Algebraic equations for spin correlators
The decoupling equations (44) also imply certain relations between the different n-point spin correlators. Let us write
as the sum of an anti-Hermitian and a Hermitian operator,
and define
The decoupling equations (44) imply
and adding and subtracting these equations, we find
Inserting the actual expressions for A and choosing different values of n, (59) and (60) provide a set of linear equations between different spin correlators.
Results for the SU(2) WZW model at level k = 1
We now turn to a more detailed investigation of the case k = 1. First, we provide explicit expressions for the wave function and the Hamiltonian for N spin 1/2 fields. We then show that the model is a generalization of the HS model and discuss the degeneracies of the spectrum. As mentioned in the Introduction, the overlap with other spin models, the Renyi entropy and the two-point spin correlator have already been computed numerically in [6] , and consequently we here concentrate on deriving analytical and semi-analytical expressions for the spin correlators, which is done in the last part of this section.
Wave function and Hamiltonian
At level k = 1 there are two primary fields φ 0 and φ 1/2 whose fusion rules are
These rules tell us the number of chiral correlators that arise from a product of primary fields on a given geometry, which in our case is the sphere. For k = 1, the nontrivial correlators are obtained by multiplying N fields φ 1/2 . Equation (61) implies that the fusion of these fields produces the field φ 0 if N is even and φ 1/2 if N is odd. Since the vacuum expectation value of φ 1/2 is zero, and that of φ 0 is not, N must be even to get a nonvanishing correlator
Here, we have made a slight change of notation compared to the previous section, such that s i /2 = ±1/2 is the third component of the i th spin. In addition, ψ s 1 ,...,s N (z 1 , . . . , z N ) can only be nonzero for N i=1 s i = 0 because ψ is a singlet. Note that the correlator (62) is unique since the fusion decomposition only generates one field at a time.
The explicit form of (62) can easily be obtained from the free field representation of the SU(2) 1 WZW model in terms of a free boson ϕ(z) whose two-point correlator is ϕ(z 1 )ϕ(z 2 ) = − ln(z 1 − z 2 ). In the Cartan-Weyl representation, the current algebra operators J a (z) are given by
and the primary fields φ 1/2,s i (s i = ±1) by
where : . . . : denotes normal ordering. The two-point correlators of these fields are
: e
where z 12 ≡ z 1 − z 2 as above. Plugging (64) into (62), one gets [9] 
The Marshall sign factor ρ1 2 ensures that ψ is a singlet state, as required by (37) . The Hamiltonian H 1, 1 2 , whose ground state is given by (67), can be constructed using the results of the previous section. For |z i | = 1, ∀i, we find
Relation to the Haldane-Shastry model
In 1988, Haldane and Shastry considered the state obtained by the Gutzwiller projection of the one dimensional Fermi state at half filling [3, 4] (see [10] for a review)
. . , N) are the occupation operators of an electron in a periodic chain with N sites, and |FS = |k|<k Fĉ † k |0 is the Fermi state at half filling. The state (71) has a unique spin per site because the charge degrees of freedom are frozen by the Gutzwiller projection. These authors then wrote (71) in terms of hardcore boson variables. Mapping the spin up (down) into the empty (occupied) states of a hard-core boson, they found
where b † n is the hard-core boson creation operator at the n th site and
Using this equation, Haldane and Shastry showed that |ψ G is the ground state of the spin Hamiltonian
where P ij is the permutation operator of the spins at the positions i and j. The permutation can be expressed in terms of spin operators as P ij = 2t a i t a j + 1/2, so (74) takes the form
In [6] , it was shown that the wave function (73) corresponds to the state (67) for the choice z n = e 2πin/N . Indeed, let us denote by q i = 0, 1 the occupation number of a hard-core boson at the site i.
where the constraint N i=1 s i = 0 guarantees that the total third component of the spin vanishes. This expression is proportional to (67).
From these considerations one must expect the HS Hamiltonian (74) to be intimately related to the Hamiltonian (70). To show this relation in detail, we need some simple identities. For generic values of z i , one can show that
(77) and w ki w kj + w ij w ik + w jk w ji = 1,
The latter identity implies
which plugged into (70) yields
where T a is the total spin operator defined in (37) . In the uniform case, we have
so
where E 0 is the ground state energy of H HS . The positivity of H 1/2 implies a lower bound for the energies of the eigenstates of H HS with total spin S, i.e.,
which is indeed satisfied by the lowest eigenenergy E S in the total spin sector S ≤ N/2,
The latter formula can be derived from the general expression for the eigenvalues of (74). The eigenvalues were found in [11] and can be expressed in terms of a set {m j } of nonconsecutive integers m j ∈ {1, 2, . . . , N − 1}, m j+1 ≥ m j + 1, called rapidities [12] 
Thus, for example, the ground state corresponds to the set {m j } = (1, 3, 5 , . . . , N − 1) (N even), and the lowest excited state of total spin 1 to {m j } = (2, 4, 6 , . . . , N − 2). In the nonuniform case, where c i = 0 for some i, we get a generalizationH HS of the HS model. Specifically,
and the ground state energy is
Note that the coupling strength in (87) is more complicated than just the inverse of the square of the distance between the spins measured along the chord. In [6] , a different approach based on the KZ equation also led to the HamiltonianH HS , and it was demonstrated that ψ is an eigenstate ofH HS with eigenvalueẼ 0 . We provide the details of this derivation in Appendix A. The spectrum of the uniform HS model exhibits an enhanced symmetry given by a Yangian Hopf algebra [13] generated by the total spin operator T a and the operator [12] 
The operators T a and Λ a all commute with the Hamiltonian (74) but they do not commute among themselves, and they are the key to compute the complete spectrum mentioned above. Observe that Λ can be constructed from the operator (68),
It follows that ψ is an eigenstate of (90) (with eigenvalue zero) in both the uniform and the nonuniform cases. In the nonuniform case, however, the Yangian symmetry is broken, meaning that (90) does not commute with (87). In the last part of Appendix A, we show that ψ is also an eigenstate (with eigenvalue zero) of the operator
which is a generalization of the Inozemtsev invariant [14] to the nonuniform case. In the uniform case, this operator commutes with the Hamiltonian (74) [14] , but H 3 does not commute withH HS in general.
To illustrate the breaking of symmetries, we compute the spectrum for the three different choices of z i considered in [6] : uniform, dimer and random. The dimer model is defined by the following choice of parameters
where δ characterizes the dimerization of the ground state. The value of c j defined in (79) is
which only vanishes in the uniform case δ = 0. The random model is defined by the choice
where φ j is a random variable uniformly distributed in the interval [− ]. The parameter δ determines the degree of disorder in the ensemble. The choice (94) gives the random HS version of the spin 1/2 antiferromagnetic Heisenberg model (AFH) with random exchange couplings. The latter model belongs to the universality class known as the random singlet phase. The Renyi entropies of this phase differ from that of the uniform AFH model given by the SU(2) 1 model [15, 16] .
The spectrum of the generalized HS Hamiltonian (87) for these three models is given in table 3 for N = 6. The HamiltonianH HS , the dot product T a T a of the total spin operator with itself and the z-component T 0 of the total spin operator all commute with each other. It is hence possible to diagonalize these operators simultaneously and label the resulting states by their energy E, spin S and z-component of the total spin S z . We have omitted S z from the table, because T ± also commute with the Hamiltonian, and it follows that the 2S + 1 states within each spin multiplet are degenerate. Instead we write only the number of states in each multiplet. In the uniform case, the momentum operator also commutes with T a and the Hamiltonian due to invariance under translation by one site. The momentum operator can be defined as p u = −i ln(T ), where
is the translation operator and P i,j is the operator that permutes spins i and j as defined just after (74). The momentum eigenvalues in units of π/3 are given in the table. The fact that the chain is invariant under the flip operation explains why states with momentum eigenvalue ±π/3 or ±2π/3 always appear in degenerate pairs. In the dimer case, p u does not commute with the Hamiltonian, but since the chain is invariant under translation by two sites, we can instead add the momentum operator p d = −i ln(T 2 ) to the set of mutually commuting operators. Also in this case, states with p d eigenvalue ±2π/3 always appear in degenerate pairs due to invariance under the flip operation (96). For the random case, there is no translational symmetry. Looking at the degeneracies between different spin multiplets, we observe that the number of degeneracies decreases in going from the uniform to the dimer case and in going from the dimer to the random case. In the dimer case, the Yangian symmetry is broken and only degeneracies between pairs with opposite p d eigenvalues occur. In the random case, there are even less symmetries, and all spin multiplets have different energies.
This subsection shows that the generalization of the uniform HS model embraces several interesting models within a common framework. We shall show below that more information about this model can be obtained exploiting the algebraic decoupling equations.
Spin correlators
In 1987, Gebhard and Vollhardt computed the two-point spin correlator in the Gutzwiller state (71) for an infinite chain, obtaining the exact formula [17] t a n t
where Si(z) is the sine integral function
The appearance of the term δ ab reflects the SU(2) symmetry of the Gutzwiller state. It may be worthwhile to notice that this result triggered the Haldane-Shastry works [3, 4] . Using the asymptotic expression of the sine integral function
one obtains
One can also derive (100) from the underlying CFT that describes the long distance behaviour of the HS model that is given by the SU(2) 1 WZW model. The spin operators t a n can be expressed in terms of the current operators J a (z) (63) and their antiholomorphic versionJ a (z) as [18, 19] 
where z n = 2πin and ϕ(z,z) = ϕ(z) +φ(z). It is interesting to compare the spin correlator of the HS model with that of the AFH model. The latter correlator behaves as [20, 21] t a n t
where C is a nonuniversal constant. The logarithmic correction to the leading 1/n term is due to the marginal irrelevant operator J aJ a , which added to the action of the WZW model gives the long distance behaviour of the AFH model [18] . In this respect, the HS model is at the fixed point of the renormalization group, so that the continuum Hamiltonian does not contain the marginal operator J aJ a , which explains why the logarithmic corrections in the correlator (100) are absent.
Algebraic equations for spin correlators We shall next derive (97) and several other expressions for spin correlators from (59). From (68), we find
where it is assumed that |z i | = 1, such that w ij is imaginary. Note that A i,a 1,
and Q i,a 1,
are one-body and two-body operators, respectively. For the spin 1/2 case, a product of spin operators acting on the same spin can always be written as a sum of terms containing at most one spin operator each, so it is sufficient to consider spin correlators for which all the spin operators act on different spins. We hence assume that all the indices i 1 . . . i n in T Finally, we mention the important result
which follows from (59) with n = 1 and b 1 = a 1 . (104) is a system of linear equations for the two-point correlators t a i t a j with i = j that can be solved numerically for generic values of the parameters z j , and analytically in special cases. In the following paragraphs, we shall investigate some particular solutions.
Two-point spin correlators for the infinite chain Let us choose
Then, in the limit
(104) becomes
where the equality is reached in the limit N → ∞. In the uniform case, i.e. x n = n (n ∈ Z), translational invariance implies that C ij only depends on the difference |i − j|, hence it is sufficient to consider the case i = 0 and j = n in (107),
where we have used that C(0) = t a 0 t a 0 = 3/4. To solve these equations, we introduce the Fourier transform of C(n),
Using the identities
(108) turns into the differential equation
The SU(2) invariance of the ground state implies that G(0) = T a t a 0 = 0, hence integrating (111) yields
Finally, C(n) is given by the inverse Fourier transform,
Since t a n t b 0 = δ ab t c n t c 0 /3 due to the SU(2) symmetry, (97) follows.
3.3.3. Two-point spin correlators for finite chains Let us next show that (104) can be solved analytically for a uniform spin chain with a finite number of sites N, and not only in the large N limit, as done above. We write
so that (104) becomes
If n = N/2, the first term of this equation vanishes, which leads us to split this equation as
To solve these equations, one introduces the finite Fourier transform (recall (109))
where G N = n C(n) = 0. Now we multiply (116) by z nq and sum over n = N/2, N to obtain (119) while (117) becomes
The two sums appearing in (119) are the discrete version of the integrals (110), and they are given by
in terms of which (119) and (120) become
where a is a constant given by
It is convenient to define the quantity
which must satisfy
Taking the difference for two consecutive values q and q + 1 in (127) yields
which, when translated into the Guantities and using (121) for A q , becomes and hence
One can check that (125) is also satisfied and that the parameter a is equal to 3/4. Plugging this expression into (118), one finally finds the correlator t a n t
. (132) In the limit N → ∞, one recovers (97). Moreover, one can take the limit N ≫ 1 and n ≫ 1 with the ratio n/N kept constant, obtaining
Equation (133) can be obtained from the bosonization formulas (101) with the operators J a (z),J a (z) and cos(ϕ(z,z)/ √ 2) being defined on a cylinder of circumference 2πN, i.e., z = z + 2πiN. The two-point correlators needed to reproduce (133) can be deduced using the conformal transformation from this cylinder to the complex plane, z → w = e z/N , which yields
Quantum spin Hamiltonians for the SU(2) k WZW model As a summary of these results, we present a comparison between the correlators computed with the formulas (97) and (132) for the HS model and the correlation function for the AFH model in figure 1.
Two-point spin correlators in dimerized chains
In the dimer case (92), translational invariance by one site is broken, but there is still translational invariance for translation by an even number of sites. From the symmetries of the wave function, it follows that t a n t a m = t a m−n t a 0 for m odd and t a n t a m = t a n−m t a 0 for m even, so it is sufficient to compute t a n t a 0 for n = 1, 2, . . . , N. Figure 2 provides numerical results for this correlator for a chain with N = 4000 sites obtained from (104). For δ = 0, we observe that the absolute value of the correlator decays as n −1 in the region 1 ≪ n ≪ N as it should according to (100). For δ = 0.1, we find that the absolute value of the correlator decays as [sin(πn/N)] −2 , when the spins are sufficiently far apart. As δ decreases towards zero, n/N needs to be closer and closer to one half for this approximation to hold. It is expected that the decay is algebraic for 1 ≪ n ≪ N rather than exponential even if the model is not critical because there are long-range interactions in the Hamiltonian [22, 23] .
Four-point spin correlators
We shall now use (59) to compute the four-point spin correlator t
. As explained above, we can assume the indices i 1 , . . . , i 4 to be different and consider the quantity
Choosing n = 3 and T 3 = t
is the two-point spin correlator found above.
The expression can be simplified noting that, by rotational invariance of the ground state, one has the decomposition C
Permuting the spin matrices in (134), one can easily relate these tensors,
Plugging (136) into (135), one finds an expression, where the terms proportional to δ a 1 a 4 δ a 2 a 3 , etc, must cancel independently. This leads to
These equations can be solved numerically for the four-point correlators in terms of the two-point correlators which are known from the solutions of (104). We can also exploit the relations (138) to rewrite the above system in the compact form
Quantum spin Hamiltonians for the SU(2) k WZW model For the uniform model, we can compare these formulas to the CFT prediction for the correlator of M spins. We shall only consider the most relevant term in the expression (101) for t 0 n , namely
where z n = 2πin (n = 1, . . . , N). Employing the aforementioned map between the cylinder and the plane one can derive
A comparison of this formula for M = 4 and the results obtained from the numerical solution of (142) in the uniform case is given in figure 3 .
Results for the SU(2) WZW model at level k = 2
The SU(2) 2 WZW model has three primary fields φ j associated to the spins j = 0, 1/2 and 1. The nontrivial parts of the fusion rules are given by
This theory is equivalent to the product of the critical Ising model and a free massless boson, so that their Virasoro central charges add up to c = 1/2 + 1 = 3/2. The current operators can be written in terms of the Majorana field χ(z) of the Ising model and vertex operators of the chiral boson as
In the following, we investigate the model obtained from a product of N spin 1 fields, and we note that the primary fields with spin j = 1 and conformal weight h 1 = 1/2 can be constructed as
For brevity, we restrict the numerical analyses to the uniform case in this section. The Hamiltonian for the model obtained from a product of N spin 1/2 fields (k = 2, j = 1/2) is given in Appendix B.
Wave function and Hamiltonian for j = 1
The above representation of the primary fields enables us to compute the chiral correlator of N spin 1 fields with spin projections s i = ±1, 0 and parameters z i [5, 9] :
The Pfaffian Pf 0 (. . .) comes from the correlator of the χ(z) fields and is hence restricted to the positions where s i = 0. The sign factor ρ 1 ensures that ψ is a singlet. The wave function vanishes if N is odd because an odd number of φ 1 fields fuse to a single φ 1 field. We note that a different wave function containing some of the same elements was investigated in [24] , where a three-body Hamiltonian, whose ground state is close to the wave function, was found numerically. To find the explicit expression for the Hamiltonian, we rewrite (33) into
and consequently
When we plug this into (50), assume |z i | = 1, ∀i, and exploit the relations we find
The Hamiltonian for the spin 1 case is thus
The spectrum of (153) for the uniform case and N = 6 is given in table 4. Since H 1,1 commutes with T a , we again have that the 2S + 1 states within each spin multiplet are degenerate. Furthermore, we can also classify the states by the eigenvalue of the momentum operator p u = −i ln(T ), where T is the translation operator defined in (95) with the permutation operator given in the spin 1 case by [25] 
We observe that all degeneracies between multiplets can be explained from the symmetry under translation and under a flip of the spin chain. This suggests that there is no Yangian symmetry in this model. We have tried to restore the Yangian symmetry by creating accidental degeneracies in the spectrum by giving the terms in the Hamiltonian (53) different weights, but we did not find a solution.
Comparison to the bilinear-biquadratic spin 1 chain
In [6] , it was suggested that the dimer version of the generalized HS model for suitably chosen δ could be close to the spontaneously dimerized phase of the J1-J2 Heisenberg 
with periodic boundary conditions t a N +1 = t a 1 . We compare the state ψ in (148) to the ground state ψ φ of (155) for N = 6 in figure 4 . The phases of the bilinear-biquadratic spin 1 model for N → ∞ are also indicated in the figure. In the Haldane phase, there is a unique, singlet ground state with an energy gap to the first exited state. For N = 6, this is also what we have here, and hence one could expect that ψ may be similar to ψ φ in this parameter regime. In fact, the overlap between the two states is seen to be very close to unity in an interval within the Haldane phase. The maximum is 0.9990 and occurs for φ = −0.3213. A nonzero overlap is also seen in the dimer and trimer phases, where the condition i s i = 0 is fulfilled. In the ferromagnetic phase, on the other hand, the overlap vanishes because the ground states of (155) all have total spin N. The results presented below for the Renyi entropy and the two-point spin correlator suggest that the spin 1 model at level k = 2 is gapless for N → ∞, and hence we do not expect the two models to be close to each other in that limit.
Entanglement entropy and two-point spin correlation function for j = 1
It is interesting to ask, whether there is a simple connection between the properties of the conformal fields used to construct the wave function and the properties of the wave function. This turns out to be the case for the uniform HS model, where it is known that the low energy states are described by the SU(2) 1 WZW model in the large N limit [3] . To investigate whether a similar result could be true for the spin 1 case, we compute below the Renyi entropy and the two-point correlator of the spin 1 chain numerically and compare the results to those expected for the SU(2) 2 WZW model.
We start with the Renyi entropy
where ρ L is the reduced density operator of the first L spins obtained by tracing out the state of the last N − L spins. Rewriting this equation, we can express the entropy in terms of an expectation value
, which we evaluate numerically by use of the Metropolis Monte Carlo algorithm [6] . The Renyi entropy of a conformal field theory with central charge c is [29, 30, 31 ]
and c = 3/2 for the SU(2) 2 WZW model (recall (1)). In figure 5 , we have plotted S Considering c as a fitting parameter, we find that c = 1.395 is the best choice to describe the data, but c = 3/2 also gives a fit that approximately follow the data points. Let us next consider the two-point spin correlation function. For the spin 1 model at level k = 2, we do not obtain a closed set of equations for the two-point spin correlators from (59) and (60), so we use Monte Carlo simulations instead. Results for the uniform model and N = 200, 500 and 1200 are shown in figure 6 . Affleck found that the spin correlation function for an infinite chain of spin 1 fields in the WZW model at level k = 2 is proportional to (−1) n n −3/4 for large n [32] , possibly with a multiplicative logarithmic correction of the form (A + B ln(n)) 1/2 , where A and B are constants [20] . Referring back to (133) and also to the scaling behaviour of the correlator in the dimer model discussed in section 3. indeed gives data lying almost on straight lines despite the fact that we are considering chains of finite length. Using a fit to extract the slope of the lines, we find that the exponent is around −0.69. A similar exponent was found for the state considered in [33] . As in [33] , we note that the deviation of b from −0.75 may be due to the presence of a logarithmic correction since a logarithmic correction of the type given above is equivalent to a power law to first order in the exponent: n ǫ/2 ≈ (1 + ln(n)ǫ) 1/2 for ǫ small. Altogether, it is hence possible that the properties of the wave function are those of the SU(2) 2 WZW model, but it may also be that there are some deviations.
Conclusion
In conclusion, we have used a specific set of null vectors to derive quantum spin Hamiltonians, whose ground states are the chiral correlators of the SU(2) k WZW model, and we have shown that the same null vectors lead to a set of algebraic, linear equations relating the spin correlators within each model. At level k = 1, these equations are sufficient to compute both two-point and higher-point spin correlators simply by solving a set of linear equations, which can even be done analytically in some cases. The models involve Hamiltonians with long-range interactions, and explicit analytical expressions for the corresponding ground state wave functions can be found in many cases. The examples presented in the paper include both new spin models and new results for already known models.
It is interesting to note that our construction in some sense resembles that of the AKLT [2, 37] bond in matrix product states (MPS) and frustration free parent Hamiltonians. As in MPS, the components of the wave functions are constructed from a product of N operators (see (34) ), where the jth operator depends only on the state of the jth spin, but the operators are chiral conformal fields instead of finite dimensional matrices. Similarly, the Hamiltonian is a sum of N Hamiltonians (see (53)) that annihilate the ground state individually, but the Hamiltonians involve long-range interactions rather than only local interactions. These differences, in fact, circumvent one of the limitations of MPS, namely how correlation functions may decay algebraically, and thus one can also use the states to describe critical behaviour.
The uniform Haldane-Shastry model is closely related to the Calogero-Sutherland (CS) model, whose Hamiltonian contains a kinetic term plus an inverse square coupling between particles moving on a circle [34] (see [10] for a review). In turn, particular eigenfunctions of the CS model are in direct correspondence with the correlation functions in boundary conformal field theory. In fact, the CS Hamiltonian can be obtained from the null vector decoupling equations at level 2 of boundary fields and a bulk primary field at the centre of the disk [35, 36] . These results suggest a possible relation of our work to those of [35, 36] , although the null vectors used there and those used in the present work are different.
The present paper raises the question, whether the properties of the wave functions are directly related to the properties of the fields used to construct the wave functions.
The properties of the uniform model with k = 1 and j = 1/2 [3] and the numerical results presented above for the two-point spin correlator and the Renyi entropy for the uniform model with k = 2 and j = 1 suggest that the properties of the wave function may be similar to, but not necessarily identical to, the properties of the fields. We are currently investigating this question in more detail.
There are several ways in which the explicit examples given in the paper can be generalized. The construction in section 2 already includes the possibility to consider models at higher levels, models in which the fields used to construct the wave functions do not all have the same spin index, and models in which the individual terms H (i) n * ,j are given different weights in the final Hamiltonian. Furthermore, we have only considered one particular set of null vectors, but other Hamiltonians can be derived by starting from other null vectors. The present work shows that translationally invariant models of one-dimensional spin chains with long-range interactions can be achieved by choosing the z j -coordinates to be uniformly distributed on the unit circle. More generally, the z jcoordinates are numbers in the complex plane, and various interaction patterns can be achieved by adjusting these coordinates. This observation facilitates the construction of higher dimensional spin models. In particular, it is natural to describe a two-dimensional spin lattice in the above framework by interpreting, e.g., the real and imaginary parts of z j as the coordinates of the physical position of the jth spin in the lattice. This construction will be presented elsewhere [38] . Finally, the idea of finding Hamiltonians from null vectors can also be applied to any Lie group and to WZW models based on supergroups. Altogether, the present work thus opens up possibilities to find a huge class of spin models. We conclude that null vectors are a powerful tool to gain insight into the behaviour of many-body systems, and we believe that more results will be obtained along these lines.
Note added in proof. A spin 1 model with the same type of interactions as the model discussed in section 4 has been derived for the uniform case in [39] , and an application of conformal field theory to propose wave functions for the fractional quantum Hall effect is considered in [40] The operator on the left hand side of (A.16) can also be computed from the KZ equation (A.4) . Taking the derivative of (A.4) and following the same steps as before, one finds 9 ∆ψ cyl = −6 i =j z i z j z The spectrum of (B.2) for the uniform case and N = 6 is given in table B1. Since two φ 1/2 fields fuse to a φ 0 and a φ 1 field, and since the fields should altogether fuse to φ 0 to give a nonzero correlator, the ground state is 2 N/2−1 times degenerate. Apart from this degeneracy, all degeneracies between spin multiplets can be explained from the invariance of the chain under translation by one site and under a flip of the chain. This suggests that there is no Yangian symmetry at level k = 2. Another difference compared to the uniform HS model is that not all energies are integers. Table B1 . Spectrum of the spin 1/2 Hamiltonian (B.2) for z j = exp(2πij/N ) and N = 6 sites. E is the energy, S is the spin, p u is the momentum, and # = 2S + 1. 
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